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Having discussed the main laws of conservation in mechanics we now
move on to a new territory that marks the beginning of our deviation from
the ‘traditional’ Newtonian approach. One may say that, from eq. (1), we can
simply write
X
(e)
mi r̈i = Fi −
Fji
j

and substitute necessary forces in order to examine absolutely any system.
However, this is an incomplete description. Not all systems are so generic, and
one of the most important characteristics identifying a given system is the
constraint placed on that system.
1

constraint

A constraint is just that, a restriction placed on the movement of the constituent particles of a system. In case of rigid bodies, by definition, we saw
that the constraint demands that the separation between two particles rij
remain a constant. Another common constraint is that of a particle trapped
inside a sphere. The constraint in this case is that the distance between the
particle and the centre of the sphere can never exceed the radius of the sphere.
Further, think of constraints as mathematical and physical conditions
directly related to unknown forces. There may exist certain forces in a system
about which we have no idea but their effects are clear: for example, we may
not have known gravity at one point but we knew its effects and, as a result,
could place a constraint on all objects released near the surface of the earth.
This constraint may have been that, with time, the separation between the
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ground and that object would decrease. So we have a constraint which is the
effect of an (as yet) unknown force acting on our system.
When a constraint is a function of the co-ordinates of the particles constituting the entire system we say it is holonomic. Mathematically this can be
represented as
f (r1 , r2 , r3 , . . . , t) = 0

(12)

For rigid bodies the equation rij = cij or rij − cij = 0 is the equation of its
constraint for some constant distance cij between the ith and jth particles.
Not all constraints can be expressed this way. For a bird, the constraint is
that it can exist anywhere at or beyond a distance of rearth from the centre of
the Earth (where rearth is the radius of the Earth). That is, the position rbird
of the bird must satisfy constraint rbird ≥ rearth or rbird − rearth ≥ 0 which is
no longer an equation but an inequality. Such constraints are said to be nonholonomic. Generally, it is safe to assume that a sufficiently choreographed
system is governed by holonomic constraints although this is not naturally
true by and large; and on the quantum scale parallels may be drawn to a
quantum mechanical property of a system, e.g. spin, in which case classical
constraints become mere approximations.
While using constraints lets us look at the same problem in a different light
it also comes with its own pitfalls. There are two important disadvantages
with using constraints:
• Since all ri are connected (as we stated mathematically before) the
equations of motion resulting from them too are no longer independent
of each other.
• The forces involved in a system are not known before hand; this is
characteristic of the Newtonian approach and is not of great loss to us
because we already said that we will not decipher a system through its
forces.
These problems, particularly the first one, can be overcome if we choose
to let go of specific coördinates in favour of what are called generalised
coördinates.
2

generalised co ördinates

Think of a system of particles as before. Say we have N particles and we exist
in three-dimensional space. Each particle then has three (spatial) degrees of
freedom associated with it. In all our system has 3N degrees of freedom, i.e.
all things considered isolated we will need 3N independent coördinates to
describe our system. This is a familiar example; in fact this is the world we
live in, generically speaking.
Now suppose that the particular system under consideration has k constraints placed on it. Since k equations are a given we now only need 3N-k
2
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degrees of freedom (or 3N − k independent coördinates) to describe our system.
Let us represent these by qi so that our specific coördinates are now functions
of these generalised coördinates:
ri ≡ ri (q1 , q2 , q3 , . . . , q3N−k , t)

(13)

or, alternately, without r being a function of t. This is called the transformation equation as it helps us transform from the specific to the generalised
coördinates; it is also called the parametric equation of r in terms of q.
Do not think of generalised coördinates like you would think of regular
three-dimensional vectors. Do not even think of them as ordered sets, rather
as mathematical entities that describe a system. Of course that does not mean
that they are devoid of physicality; it simply means that being mathematical
is our only point of concern here.
For example, on a globe, latitudes and longitudes can be treated as generalised coördinates and they are coördinates in the true sense of the word. But
in a double pendulum (a pendulum to whose bob is fixed another pendulum)
the angles of swing of the two pendula can be treated as generalised coördinates. That is to say any quantity that describes the behaviour of a system may
be treated as a generalised coördinates regardless of whether it is a ‘typical’
Cartesian/polar/spherical polar/cylindrical coördinate or not.
3

virtual displacement

Non-holonomic constraints, although encountered more often in everyday life,
are often considered Holonomic when we study systems at the microscopic
scale. This approximation is something that can be agreed upon in general
since the ideas of analytical mechanics see use most commonly in the field of
quantum mechanics. The f (ri , t) = 0 form of Holonomic constraints has a time
coördinate in which any change can be neglected for infinitesimal variations.
Suppose a system undergoes an infinitesimal spatial displacement δx over
a time δt. When δt is small enough we can claim that δt = 0 effectively stating
that our displacement occurred without the passage of time. Clearly this is not
realistic, which is why we call such a displacement virtual displacement. It is
any infinitesimal displacement that is assumed to occur against a fixed time.
Keep in mind that virtual displacements still cannot violate any constraints
placed on the system.
Another way to look at virtual displacement is through the forces acting
on a system. While a system undergoes virtual displacement the forces acting
on it remain unchanged. Realistically this need not be the case. As a result, if
the forces acting on our system are in equilibrium while it undergoes a virtual
P
displacement of δri we have Fi = 0 and, consequently,
i

X

Fi · δri = 0

(14)

i
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For our convenience let us divide Fi into two components, an applied
(a)
force Fi and a force due to the constraints (remember what constraints are:
apparent effects of forces whose specific nature is unknown to us) placed on
(c)
the system Fi so that we have
X (a)
X (c)
Fi · δri +
Fi · δri
i

i

at which point we place a condition on our system: the net work of constraint
forces must be zero.
Let us take a moment to understand what this means. (Note that we will
use the word ‘virtual’ to refer to anything related to virtual displacement from
here on.) If the constraint term of the form F · r in the above equation must
be zero it means our virtual work is zero. For this to happen the constraint
force and the virtual displacement must be perpendicular to each other (dot
product), which means for a body moving, say, on a surface the virtual displacement must be tangential to the surface and the constraint force must be
perpendicular to it. Suppose we have sliding frictional forces (macroscopic
effects, not often a problem in quantum mechanics etc.) this is no longer true.
However we will proceed under the agreement that the systems we consider
P (c)
are such that we can achieve Fi · δri = 0 so that the equilibrium of a system
i

X

(a)

Fi · δri = 0

(15)

i

may be defined purely in terms of applied forces. This is called virtual work.
4

d ’alembert’s principle

It is now time to connect eq. (??) and (??) to each other. Clearly we cannot
(a)
let any Fi = 0 because that would imply the virtual displacements δri are
independent of each other. (Think of linear dependence and independence.)
We can, however, transform (or rewrite) our ri in terms of a set of independent
coördinates. These are simply the generalised coördinates qi we discussed
earlier.
That is one problem solved, but there is yet another. There is no indication
that eq. (??) describes a system in motion. For all we know it could only
describe the equilibrium of a stationary object. Our next task is to bring
motion into the picture.
Consider the familiar equation Fi = ṗi or, more conveniently, Fi − ṗi = 0
which says equilibrium arises when a force acting on our system is counteracted by an opposite force expressed in terms of the momentum of the body.
It is this momentum that indicates that our system is in motion.
We can now describe our (possible moving) system by rewriting eq. (??) as
4
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X

(Fi − ṗi ) · δri = 0

i

and, following the same reasoning as in section ??, arrive at
X


(a)
Fi − ṗi · δri = 0

(16)

i

which is known as D’Alembert’s principle after the French physicist who (along
with Swiss James Bernoulli) came up with the idea.
Our next task (in the next lecture) is to use the ideas developed here to arrive at
a key set of equations called Lagrange’s equations that will lay the foundations
for us to begin exploring analytical mechanics.
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